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If the lines of the complete graph on p > 6 points are colored so no point 
is on more than two lines of the same color, then for 3 < n < p there is a cycle 
of length n with adjacent lines different colors. 
1. INTRODUC~~N 
Let G be a graph whose lines are colored. An AC,, of G is a cycle of 
length IZ in which adjacent lines have different colors. 
Problem 1. Find Dirac, Ore, P&a, Chvatal type conditions (see [l, 
p. 161) which ensure the existence of an AC, in G. In particular find 6 
such that there is an AC, when G has p 3 3 points and each of them is 
on more than Sp lines of different colors. 
Problem 2. Find A such that there is an AC,, when the lines of the 
complete graph KS are colored with X colors and each point is on a line 
of each color. 
Problem 3. If p is a positive integer and the lines of Kg are colored so 
no point is on more than p lines of the same color, is there an AC, for p 
sufficiently large ? 
We here prove the theorem stated in the abstract, which settles problem 3 
for t.~ = 2. That the condition p 2 6 is necessary is seen by the graph 
G3 in Fig. 1. The graphs in the figure have no Hamiltonian cycle which is 
an AC, . The graph Gz is the case q = 3 of the following construction. 
Let E and F be complete graphs each with q points e, ,..., e, and fi ,..., f, 
respectively, where q is odd. Also let c1 ,..., c, be q distinct colors. Color 
the lines of E with c, . Color the lines of F so that fi gets all colors except ci . 
Lastly join ec to f, with a line colored q for 1 < i, j < q. In this product 
of E and F every point gets all the q colors, and hence, we have a bound 
for the h in Problem 2. 
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FIG. 1. Graphs with no Hamiltonian cycle an AC, . 
2. THE PROOF 
LEMMA 1. If p > 6, then K, has an AC, for n = 3, 4, 5. 
This lemma’s proof is not given here because it is merely a routine 
examination of various cases. The examination is tedious but not difficult, 
especially when one has read the remainder of this paper. 
From now on we assume 5 < n < p and that Kp has an AC, but not 
an AC,,1 . We obtain a contradiction in each possible case and the theorem 
follows by induction. 
Let the points of K, be labeled with integers so that the points of an 
AC, are 1, 2,..., n in that order. For convenience we put n + i = i for 
i E AC, . Also we want 0 to be a point not in the AC, . The reader may 
find it helpful to draw the AC, as a wheel with 0 at the center. We write 
ij = mn or i, j = mn to mean that the lines joining the points i, j and m, n 
are the same color. 
LEMMA 2. If Oi = i, i + 1 # 0, i + 1 for some i E AC,, , then 
0, i + 1 = i + 1, i + 2. 
Proof. We may suppose i = n. Consider the cycle +012 a** n which is 
not an AC,+1 . Hence, it must have two adjacent lines the same color, 
and these cannot be in the AC,. Since On = In we must have 
On # n, n - 1. The only remaining possibility is 01 = 12 and the lemma 
is proved. 
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LEMMA 3. WehaveOi= O,i+ lforsomeiEAC,. 
Proof. Suppose Oi # 0, i + 1 for each i. The cycle 012 *a* n shows that 
either 01 = 12 or n - 1, n = On and by symmetry we may assume the 
former. Then by Lemma 2 we get in turn 02 = 23; 03 = 34; 04 = 45 
and either 05 = 56 or n = 5 and 05 = 51. Now cycle 103245 **a n 
shows 10 = 03 so 10 # 04 and 104325 a** n is an AC,+1, a contradiction. 
LEMMA 4. WedonothaveOi=O,i+l #i,i+lforanyicAC,,. 
Proof. Suppose for example that 01 = 02 # 12. Then cycle 12034 **a n 
shows 03 = 34, and by symmetry, On = n, n - 1. 
Case. 04 = 43; n = 5. This means that the subgraph 304 is mono- 
chromatic. Then 120534 shows 21 = 14, while 105234 shows 32 = 25. 
This makes 150234 an AC, . 
Case. 04 = 43; n Z 6. Here 4321056 *** n shows 05 = 56. 
Case. 04 = 43; n 3 6; 0, n - 1 = n - 1, n. Here 021n34 .*a n - 1 
shows In = n3, and hence, 021n4356 *** n - 1 is an AC,+I. 
Case. 04 = 43; n > 6; 0,n - 1 #n - l,n. Since 05 = 56, we in 
fact have n > 7. Using the anticlockwise version of Lemma 2 we find 
that 0, n - 1 = n - 1, n - 2, and hence, 4321On56 *a* n - 1 is an 
AC,,, . 
Case. 04 + 43. We also assume 0, n - 1 # n - 1, n for otherwise 
by symmetry we have the fist case again. By Lemma 2 with i = 3, we 
get 04 = 45 so n 2 6, and by symmetry 0, n - 1 = n - 1, n - 2. Then 
12On34 **. n - 1 shows n - 1, 1 = 1,2, and by symmetry, 1,2 = 2,4. 
Finally 210n34 -.* n - 1 is an AC,+I. 
LEMMA 5. We do not have i, i + 1 = i + l,O; i + 2,0 # 0, i + 3; 
O,i+4=i+4,i+5foranyiEAC,. 
Proof. Suppose false for i = 1, so 12 = 20; 30 f 04; and either 
05 = 56 or 05 = 51 when n = 5. Then 123045 **. n shows we may 
assume 23 = 30. Then 1240356 a** n shows 04 = 42 # 21 = 20 and 
132045 ... n shows nl = 13. Lastly 1402356 ... n is an AC,+l. 
Let us call a subgraph i, 0, i + 1 a triangle, and if i0 = 0, i + 1 = i + 1, i 
let us call it a mono (-chromatic triangle). Clearly adjacent triangles 
like 102 and 203 cannot both be monos. In Lemma 3 we proved that there 
is a triangle with Oi = 0, i + 1 and Lemma 4 says that any such triangle 
is a mono. 
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LEMMA 6. We have more than one mono. There are not more than two 
nonmono triangles between two monos. 
Proof. Suppose 102 is a mono but 203, 304, 405 are not monos. By 
Lemma 5 with i = 1 and by Lemma 4 we have 05 i 56 or 05 # 51 and 
n = 5. Then 1234056 ... n shows 04 = 43, so 03 = 32 by Lemma 2. 
Using Lemma 5 with i = 2, we see that n > 6 and 06 # 67 or 06 f 61 
and n = 6. Then 12345067 *a* n shows 05 = 54. Either 30 # 06 or 
40 + 06, and correspondingly, 12543067 ... n or 12354067 *.* n is an 
A&+1. 
LEMMA 7. We do not have two nonmono triangles between two monos. 
Proof. Suppose 102 and 405 are monos but 203 and 304 are not. 
Case. 03 = 35. Then 130245 **a n shows nl = 13. Next 140235 1.1 n 
shows 35 = 56 if n 3 6, but 35 = 51 a contradiction when n = 5. 
For n > 6 cycle 103245 a** n shows 32 = 24 and by inspection 1243056 es- n 
is an AC,+1 . 
Case. 03 # 35. We may also assume 03 # 31 for otherwise the first 
case arises by symmetry. Now 130245 **a n shows nl = 13, and by 
symmetry 35 = 36 or 35 = 51 and n = 5. Also using symmetry we may 
assume 03 # 34. Then 143205 -a* n shows 14 = 43, so 124305 *-. n is 
an AC,,, . 
LEMMA 8. We do not have one triangle between two monos. 
Proof. Suppose n 3 6 and 102,304,506 are monos. 
Case. 53 # 36. Then 1240536 --* n shows 36 = 67 or 36 = 61 and 
n = 6. Next 1235046 -0. n shows 23 = 35, and 1054326 *a- n shows 
32 = 26. Then 1053426 *-* n is an AC,+l. 
Case. 53 = 36. We may assume 53 = 36 = 64 for otherwise the 
first case arises. Then 1235046 -.- n is an AC,,, . 
This completes the proof of the theorem. 
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